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Sleator & Tarjan IC & % HC A% 5K (splay tree) 120 L CHiFHREZFIREIC T 2 HMET LTV XA B4R T 5.
RET 2713V X2E, F—ORISHT 2 EEOEH - A - HIRRIED A4 754 VHAFIRTZFFL, 2o
YERFND AN — Ty b (BAIREE PN UIRATRE R BRIEOMEE) & LV AR Y R (4 DREOHEAEF EE (amortized
complexity)) ZHIM X2 I ZHME LTW3. A)L—7vy b OREE L HABREONHIIL AR Y 222 0WT
FHERIAE R RS, HIBRRIEL, ROBIRICE T 2 BOHEZROICH20b 5, Sleator & OFHHATIXERE
MAFHATERY. ZDZLIRDVWTHHML 3.

We propose a family of algorithms for concurrent operations on self-adjusting binary trees (splay trees)
proposed by Sleator and Tarjan. The goal of the algorithms is to allow pipelined execution of multiple
update/insert/delete operations while retaining good bounds both in throughput (number of operations per
unit time) and in latency (amortized time complexity of each operation). We show theoretical results on the
optimality of throughput of all operations and the logarithmic latency of insert operations. The optimality
of latency of delete operations, on the other hand, cannot be proved using Sleator et al.’s setting, while the

operations preserve desirable properies of the shapes of trees.
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1. (LRKRYR) BHEDR T L — KD L FEE,
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SRVHIFROBERAO0(1) HICBX X 5.
b LAN—=Ty M2 EER O, ZaRE v
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MoT, LARYRE ZN—Fy b ZFRIHIERT 3
ZEHAREMCEETH L. BALZOETRICHT
B MHHREDIHFI DR K RN [1] B3, AT L —KD
WHIPECBE T 2RIED L, EHEOHBIRY, ki
DSR2 7 L) XL EFIREEN
TV,

AT, O FERAROEH AT F — L EHOXE
REFF2d0L L, HREF—OXFE (symmetric
order) ICIATWVWS 2§ 5. EABIEL LT, XD
ZokEZ L. B 2HiREOHH LI update DH
HIREHY EZDI PN TES.

update(i,v,v',t): ¥ — i %k bOHEMBKt DOH
WKhHhiE, ZoHimOBEDEE v ITRA LK
DY, HiEIZHRE Y 2RS35, 2L,
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2.1 RFe by THdIVRFL

ATV —=RKIZBI 2 mFENEIX, HROEREME
KBWTT7EALERZADREIEBLZEFITL
20, HEHIR (delete I2BWTIE, BIEHISDER]
FRBEROF -2 S OHiN) ZRORE TR LI
2HBETH 3. RLIIE DML (rotation) % FiA
BIELLTHDY, 1 WIRT zig, zig-zig, zig-zag D
55D HREEEER LTy FITEDIET. MR
RIS T, EENHZIRERIZZ DR T DA ER
T, FRRHFO/PNCFIEEIA, KXFEBIARER
9. update, delete FEDHARDIRIET LTV X 212D
WTIEZ L OLENDH 5. oK E 2R, 7
7 A LT SR LOSHIROBEE 2R ETICT 52—
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BLPHEL LW THS.
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2.2 WHFHEEICET 2 BEDHAZE
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L7 LT ) XARREL TV, Zhi, wHEE
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5ZeBbhoTWA5EEE, ROBOF—%2ED
BANCHEE S B2 KB RERRETHS. LrLIO
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(x)
/a\ AN/
()
B1 RELT7YTRFRED 1 X7y 7. 2 B 7€
ALTEIR. (a) zig: 1 BIOKEEE (y BMBEDIZEDH),

(b) zig-zig: ¥ yz &H xy £ COIBICEREEE, (c)
zig-zag: ¥ zy ZEEEEL, TI/K 22 £HEEER.

2 ryTHEIVRFLICED update

2.3 by T7E4I VR LORER

by TR VR & B update 1F, 2.2 Hio X
SO F —ZRANTHEESE S X512 LTH, A3l
WH OB S IREIERS. 728 213, Hik z(< b)
(< B ¥ =T X 2HFBER) D update W2 &> THEZ
5 2 D zig-zig #1E[5) &5 %25 (L £ R, KC
by 7Rxy VR LR L () #aKRT,
update 58 T IR E TIZHEE).

Z D update DR, y(< x), 2(>b) NDT 7 LA
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COMEIH T 5. BAID 2 NDT7 7L RKIC x
DDA C DIEDITIZH > T2 DT zig-zig IRIEDE
A, LOWPHETZ2DITEL RS, L2LL L
DWHHEET 2 FTIE, KD y NDT 72N zig,
zig-zig, zig-zag DN E E AT 2 0D b iz
W, ZZT3FEHD 2 A AD7 72D, 2FHDEME
W&o THERZT B DRV b DA ARICHED
I bb3, REE ey 7 LTLES.
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L2 L, RHEOEEICIDPHLT, yARO»E %
TiE z DEFFNCL ¥ 2% —ZHEELT, HBED
BEE 70y 2 LTCLES. LIRD &S RERiEdE
Zohdn, WwWihd S FLEELRW.

1. yBRERO»ZFET, 2 z—RKRF—2 LTH
32k, y<z<xThdLIRHL 2z DI
fER - o TAANEL

2. HHEIRDER L EZRDF —% b OHiEADRA
VEBRFRTAILICES T, r DERIOER y
WO KETY 7R TEZESIITRI N
EZzoNb. INHDKRA ¥ RIIKRDFHLREIC
BEFTZDERZNE WS E#ENH 2. Ll
DIFRFBEIIFEDO L & LD FLEEL RV,
2R B ZOHIBRBEIEORIOERIED = & y ZFh
SR REFT, Wy ICERET 20 L
NP TH 5.

L7z o TR T, m4O0(1) EoFi% fige L

DD, I Ny TR KRB ERLTOL 7T
VXL%EZDHZL LT 5.

3 WHEFHF7ILIVIL

AREITIE, BEOERIEE T2y 7 LRV update 1
E%25.2%. BEARWNLRT AT 71, zigzig & zig-zag
DHETIZONWT, HIFHIRZ Z DR DF 7 ETL,
FLEX BN EREL (semi-splaying) 2 W2 Z ¥
TH 3 (Xik[2] ¥R, zigzig D ADRFEL
LEL STV, o ZEHINROHIRE T2, 7
NIV ZXLILTDO & S12725.

(a) ZEOARIZHT 2HAEZK 3 (al) DIRfE, (22T

720) RKOARITH T 2 NI 3(a2) DIREEIT
5.

(b) zig: = BEFIARDOIRTH 25E1EK 3(b1)
DI, © PIMFETRELEEITARIZEDLEITX
3(b2) DBIERATIRS.

(c) zig-zig: B 3(c) EDARIZEIT 3 (< b) DEK
T, & ba DFREREEITR>TT ZE2A LR
AORE % 1 FEifiT 5. XKE 1 L~0L (FHERT O
RETE2L0) FRELT, DK AL
THIRINCERR 2T S.

(d) zig-zag: K 3(d) EORIZBII2HE z (b <
x < a) DERTIE, b DLEREERE, TX7
B ca DARAGEEITRY, 772 RA LA % 1
BT 3. 2 =c RO INTHERERRTTH 5.
T <clEBIE 2 LUV (ERERTOR S TIE 3 LA
V) FEELT B oW s x #EIRIICERT 3.
x> ¢ % OIRARIC C OF D S FIRINCHERT
3. x> c DBFEITIIE ca DIFEEIRIEE BT
3ZebEZLNG. b OEHARDEDLEL,
ZFWHig e BEA LD, R0
BIER1TIRS.

M EOBET, 772 A LI RORIIFRETHH
2/3127%%. ¥ T T2/3 DI, Lit zigrag
BEOMEICL 2D TH 3.

4 WHHIFRTILID XL

WHIHIBRD 7  DEAR R E R, "R Ez,
HIBR T N EHiS 2 RHEXE22DICHHAT2 22T
H35. ThETIE, RHUEREZD s, HEY 2
TR ZIREREF LIV ZDICHLNTE
7. TZTEHERIZ L, HIFRHROESLONIE 4
O(1) LNV FEEERVEIIRTEIETDHS.
HUTTRE, 2 ZHIRNROHIRE T5.

¥ 7, IRESOHIBRNRAN 2 THIHEEE R
5. ZO%E, zipping LIESREEICE s TENE «
B HIFRCE 25MEC X 5. i “&
227 BT E 321X, ZOEMIR, HHOR, £
EARDEEAAR, HEBF RO ARDNT LH03
HTHBHILTHS. RERDOTRICE T, 20K
AR HBHDROBENEEDIEE S,
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X3 #EREEIOvILBVEHR7ZILIVILD 1 ATV S

(a) “BHC BIRTE3HE K 4(al) F721 (a2)
DEIIEHT 5.

(b) “BHIZ HIFRTERWES (K 4(b) D&
zig-zag ZHiL, ZODRRTE S b OLHRIAIZ,
(=2 L ZELNIR) zig-zag 2T
AEDEEET 2 132 LAV RET 3. 2z DR
HARC & Fl, FCLRLICEEER. Zh
LA DOHIRDEAL LULL RELRW, 2 %
e T 287 B0 AR U -CHEIRRICHIBRE
EZRATI 50, 2 DFRTRVHEIRDZIC K 5
TEHITET 2 Z 3R,

512, tRETR 2z OHIERIC X 2 KOTEIKOZE L%

N

HIFRSRER 2 DIRTH 2 LIRS R WEAEIE, £
THIHONET 2 2R T 5. THhEIRP S 212X
BN ARRHET AR E b D. DFIL, 2 % zipping
W&o TS ETHIBRT 5.

Zipping {EIZ SR DM EAT DIV, 77+
ALZHREFELEZIR2 WS RANC L2255 & S
¥, zipping IZ%E72 > T, KGN RKOBABERICES
RNR RO NERICE L RRRAEZNZN b v

TxY v DT (zig-zig (X 3(c)) D#HEL) 12
o THEMETUT LV, Z 0L zipping & WifT
LTITRI Z N TES.

Zipping \3EFHREL B b, BHiDO X —(HEH
LB RENET S, F/zzipping l&, KTy &
KT (T DEDF—3d, Thb ODEDF— XD b/
WHDLT2) Dby IRy UIHFEEEICBHICHT
3. bbb, FiihHER (F-IHMER) ZFEL,
ZOEHGTRE Ty, G5 K%E T £ LT—D2DK%E
B L7005, FHELBERZHEETUI L.

5 FHEEICATIR/RCER
MEO_ODOREDSE, AL—Tv MZDWVT
BEZBICHMPTES. Thbb, ZO0#HMEE,
LuLl (RBE LU0 2 LT) offisi® O@) [l —
update 1XE 4 (1 + 2) [, zipping && 4 (21 + 2) [
— OHEEHMEODBICHEZES. EHIIEHEHD
BAED, BT 2 EA3 LUL O % FRIC figE 3
BT TRV. ZhbDZehs, ROKEXPHEX
W& BHRNWZL—Ty T, BERFIEAAL T4
FNCAFNIE S 2 Z e B TE 3.
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K 5 Zipping IC& 385 2 OHIRR

L ARV X, update iIZWTIX, B@HEDZA L —
REFAFOEHFHEELZ DI LA TES. A
RN, Himr OKES s(x) & 2 2R T 255
RKOHIFEEEERL, 27 r(x) & log,(s(z)) &F
5. ZLTRORTYOVILE, TXRTOHKDT >~
JOMEEHETS. T2, update DEHFEHE, o
¥ D BlERIRIEOBIECTHIl o 72 AT IR ER R O R
T YT VOEEMZIZd DI, n ZROHIREE
LT, O(logn) THHZ 2RI IENTES. Z
DZehs, THRVERBIERIIDOFEEL XK I,
HRETONBNTHEZebh b, XHK[2] DX D
W2, HiIRICBRZ2EAZDOTTsRr ZEHRTHZ
LIkD, EDBMOVEEERT I HTE SN, KN

XTIEEL.

—77, delete \ZDWTIE, XHK[2] DEMTTIETIX
SMEEHGEREZE 23 TERVY. 2O %
R, K4 (b) D 4FRIOEEAICEZRT V> ¥
NENEEZ .

X 4(b) D—FBHHOARD S > 7B E + £ T 5.
—BEMORIPBLDRT Vv VOELE, k%D
BZIEERE LT EE (b) —r'(2) MPIcHE 22 2 b
WTEZZLRRTON, XHk[2) 2B 2 HAFE
BOMHEEOREATH 7. LHrL, ThEDKR
IZ2WT s(A) = s(B) = s(C) =h>t=s(D) =
s(E)=s(F) *IRET 2L, KT VED h/t
WB LT O(log(h/t)) £7%. —F r'(b) —r'(2) &
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R/ WCELTO) TH2DT, LitOBEFERMZT
EEFELRNZ &b 3. Zipping 12587 - ToX
2R LR AT R o T B DOV T S, FRED 2 L AVR
3.

Lo, 564 HOHIBREER, 772X L7E/<R
L OFIEOTEE KT (FHRNC AL E
MEL7ZGE), ZRALINOHS D ELERL L Lh
MERVEWVS, HIROFEZILAIONVTDORS L —
RO MWE L= L TW5b. Tld—ikic, Zo=o
OWEE-THEHAEN R AT LY X LT, F
L AR ZBWMBH iz oz vwk ok, +
DEVIERFNIFET 2 D550 7 THUIKRMR
RTH 2D, RESCTRRE LoV TE, F
L ARV RIP 7L 2 d O(vn) (BEF DA SIE
O(logn)) & THZXN 3.

ZOMle LT, SEEAOHERLSLT X0ZEEE
2 %. HiM z OHIRREH#E d(z) Z, z 25 ZDHEA]
DX —z_ ZHOHHEAELZRRE (v DFEELR
WESR, - Dz OFHRTRWVWIEEIEZ0 LED D)
CEBRDF— xy BDHOMHNICE R ARDOR/IMEL E
HBE, HAHD delete 1%, d DRKEFREHHDHEE
WIXREED D222 b DD, FolKHimd d k&4
O(1) Lo REL LAV, E£725 3 HiD update TH
J2HEA LMD d X0 THY, update 13 TIZ
FELTOWAEEHEDO d DEL0(1) LrKEL LR
W, (Ko7 vy TRFEICBY 2HiE D d DI
EBTHZBZeNTERYL. ) ZhsDI DS

1. #Hil=HilmD d OfEDS E ETHRET 2121, i

DOHEIE D Q(k) BlOFEAHIFRA HE
THIZeBbhb. EHI
2. ZHKIZBT 2 KHAD d DfsFNE, Kz 5
N=ZA L7 ZIEARHDOEANREZ LR B Z
YidBwg s O(n)
TH5. 1.2 2. 2006, FilhH#HROHAL, d DK
ERFROBEEIMREDRIN D 2V RIEORIERY
BEZTDH, BEOEIOTFHIZ O(Vn) THY, E
A EOMBEEEIREOADEELIZLAYEDS
RPN,

6 FLHLESROFE
HiROEFEENAICET 2 EE LW E 2 RS, 2D
SHEROERTRERANLV—T Y bR b OHCHE
ZooRoMFNERE CEH, A, HIBR, B&) 7ra
VR LZERE L. HiR OB/ A LTt
BRMEAGIREZRO Z LR EATETED, E6
7 7R ANE = DIRD RZETH T 2R Y
ATV —ROFFOM I pOEBEREE DL 5l %
MNTW D, HIBROEAFERD X b RWHERRIIRST
ZEL (B ZOAFEEZRT) e 3SROFE
THb. Fiz, 71TV XLOEERZNER, AMiFI5H
RETOHEE, WHOBMA b SHROFETH 5.
BB AL DOFIADIUC DWW THR L T2z
Robert Tarjan KK (Princeton X), EXHK (NEC),
FhAth T IR (AR W& 5.
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